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Evaluation of the Third Heat Kernel Coefficient
in a Dirac Field Theory by Mathematica

Koichi SEO

Abstract

A computational method by Mathematica developed by the author is extended to evaluate the third coeffi-
cient of the heat kernel for the Dirac field in the gravitational background field. Eighth-order derivative of
the geodesic parallel displacement biscalar and sixth-order derivative of the geodesic bispinor in the coinci-
dence limit are evaluated and their indices are contracted. The result of the third coefficient partly agrees
with Gilkey’s one, but there remaims some discrepancy. The reason is not traceable at present.
Keywords:heat kernel, trace anomaly, chiral anomaly, graviational anomaly, Mathematica

I Introduction

The chiral anomaly, the trace anomaly of the en-
ergy momentum tensor, and the gravitational anomaly
can be derived from the heat kernel coefficient. In
n space-time dimensions, the coefficient a,;(z,x)
is relevant. In the previous papers!*?), we have pre-
sented the method to evaluate the first and second co-
efficients, a; and ay in scalar, spinor, and gauge field
theories. They are relevant to the various anomalies
in two and four space-time dimensions. There are
huge numbers of papers to try to explain the exit-
ing particles by the superstring theory®) . The su-
perstring lives in ten dimensional space-time, and if
the superstring theory is the fundamental theory, we
need to know the coefficients up to fifth order. To-
wards this purpose, we extend the previous method
to evaluate the third coefficient of the heat kernel in
the present paper. The gravitational anomaly also
appears in six space-time dimensions.

The fermionic determinant to be considered is the
following one,

eWIEL] = [[dw,b dp| et ] "eV=IEipY (1.1)

and we regularize the determinant (1.1) as the previ-
ous paper:

W[E"] = %Tr [f %e—f‘””“‘] . (1.2)
with
Y= p2=g* D, D; +ER: (1.3)

where £ is i in the Dirac case, but we retain £ as a

free parameter for the sake of generality.

The variation of the effective action (1.2) under
an infinitesimal local Weyl transformation E* —
E" (1 + a(z)) yields the expression of the trace of
the energy-momentum tensor as

V=9g"" <Tu(z) >
= —i lim tr[e”? I(z,2')6™ (z,2")] .  (14)

'z

We follow the notation of the previous papers!).
I(z,z') is the geodesic parallel displacement bispinor
and its definition and the coincidence limits of its
lower derivatives are given in the second paper of
Ref.1.

The classical action of the massless Dirac theory
is invariant under an infinitesimal chiral transforma-
tion, ¥(z) = (1 + iyp+1@)¥(z). The introduction
of the cutoff parameter with a mass-square dimen-
sion breaks this symmetry, and it yields the chiral
anomaly. We introduce an external field A, and con-
sider the following effective action,

W[E:, A*] = %Tr U ?::—“?’3] , (1.5)
where D4 is defined by

Pa = P—ivuyni1 A*. (1.6)

By applying the gauge transformation A* — A* +
0" a and setting the external field to zero, we obtain
the following relation,

W[ Ex, d"a) — W[E", U]
% Tr [j dt {,id ayn+1 } e_“‘pz]

N % Tr Mm dt {D,{D,ayns1}} e P 2]

—2Tr[a'y,,+1 e“pg] : (1.7)

Il

On the other hand, the variation of the effective ac-
tion under the gauge transformation is related to the
divergence of the axial vector current as follows:

W[E", 8"a] - W[E*,0]
/ Nt O AP
/dnx\i' _gapa < E’Tp'}'n+lw >

- /d";r\/-gaV” < E’Y}:'Yn-:—lw o (1.8)

Il

Il
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Comparing Eqgs.(1.7) and (1.8), we obtain the chiral
anomaly relation as follows:

vV—g Vg < E’Yﬁ'}‘n-fvlw >
= 2 lim tr[y,h e_f‘?’al(:.c, 2')60 (z,2")] . (1.9)
=z

The expression for the chiral anomaly (1.9) is also
derivable from the path integral measure® .

If we consider a chiral Dirac field theory in which
only the left-handed fermion is involved, the conser-
vation law of the energy-momentum tensor is vio-
lated in six space-time dimensions, or generally in
4k + 2 (k : integer) space-time dimensions. Formally
the right-handed fermion is introduced, but it does
not couple to the gravitational field. The fermionic
determinant to be considered is modified as

eWIEL] = f[d‘#” ] ¢ [ av=a0 Dy (1.10)
with
_ 1—Ynt1 1+ Yn41
D=pP—j +P—
— PP_+QP.. (1.11)

Here @ = 6#~*0,,, and P_(P4) is the projection op-
erator to the left(right)-handed fermion. Then Y (1/2)
and its exponentiated expression are modified as fol-
lows:

y(1/2)

—ty/2)
e~ tY

(1.12)
(1.13)

=9§PP.+PJP.,

= ePPp_+e*PPP, .
The classical action is invariant under the so-called
covariant transformation® E® — E¥ — (V,E*)EY,,
which is a special combination of the local Lorentz
transformation and the general coordinate transfor-
mation. This classical invariance is also violated by
the introduction of the cutoff parameter ¢, that is,

WEY, — (V.E")E"] — W[EY]
= —%Tr U dt {3 P, €D, e PP pP_

+[P.6D, 19 PP}
= —iTr _/m dt{€"D,dpe~?Pp_

- €D, PP tPPp, }]

= —iTr|E*D, {e PP P_ —e—f‘?’ﬁm}]. (1.14)

Meanwhile, the variation of the effective action under
the covariant transformation, is related to the diver-
gence of the energy-momentum tensor as follows:

WIEY, — (V.§")E"] — WIEY]

oW
= - [re B

= - [ @2V (7e)< Tuta) >

Il

[ eV @< Tu@ > 1)

Comparing Eqs.(1.14) and (1.15), we obtain the
garvitational anomaly as follows:

,f_gVV< pr{$) = =3 zlligl;tr[D“ {e—fﬁmp_

—e"PpPJr}I(J:,m')é(“}(m,:z:')] : (1.16)

This is the so-called consistent anomaly and it differs
to the so-called covariant anomaly by local polynomi-
als of the spin connection and its derivatives® . The
covariant anomaly is related to the heat kernel coef-
ficient by

\4 _gvy'( T#V(m) Zcov
= i lim tr[')/,.‘.,.lD“e_‘w2 I(z,2') 6™ (z,2")]. (1.17)

As explained in the previous paper!), we use the fol-
lowing covariant expression for the delta function,

d*k . a(. .
elkuo' (z;z }'

5‘“’(:3,:1?;) = @

(1.18)

II Perturbative expansion

As in the previous papers!) , we first commute the
factor e**'® with Y (1/2)

}'flfQ} eik“cr“

= e {g" (—iK, + D,)(—ik, + D,) + ER}

— pikac® (R‘ —ix/2) o }’(”31) : (2.1)
with

K,’_‘ = _kﬂalua N (2'2)

K = —x? (2.3)

XD = gPD, + D,k (2.4)

Exponentiating the relation (2.1), we have

vyl gy e 7 a _ _ix e yi1/2) =
e tY Ell,,a thao e tHHK—iX +Y _I‘ (2‘0)

=€

By regarding K as the free Hamiltonian, we apply
the perturbation theory,

e tK+V) _ —tK

t
4+ // dty dts 6(t — t; — t2) e~ h Ky o—taK
0

t 3
+// dty dty dts 6(t — Y _ t;)e 1K Ve 2Ky etk
0 i=1

A (2.6)

As in the previous paper!), we move the covariant
derivative D), to the rightmost position at first. Then
we can take the coincidence limit of e *¥ | and it
reduces to et*” .
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Making use of the following formula, we can man- III Computation of /.., and
age the commutator of the covariant derivative D, Opy--uz"» and their contractions
with e t% as a perturbation:

\ To compute the heat kernel coefficients, we need
/_ _ / ety Bt — ty— ) to calculate I, and 0y,....;" . The fundamental
recursion equations are as follows:

LK
29[ By; 8795 J e ohI, =0, (3.1)

x
t t; o

:—/"'/“'dts"'5(i—"--ti—"')// dt. dt!! Ou = Opp 0, (3.2)
0 0 a%= gtok, (3.3)

X‘s(t =5 tl’ o5 t”)"' —f:K[D#' K] _t:iK o
= / [ dt dt” Ot - — t’i-‘_,,,) [D#'D ]Ip

tK[DIm K]e_‘ § 2.7) = R, Ly pm JE:IR.W Ipyoiropm s (3.4)
The program to move the covariant derivatives to the [V ¥ Vi
rightmost position is almost the same as the previous
ones . = — Z Ruw’y Opycreppm s (3.3)
We denote the contribution to the heat kernel i=1
coefficient from the m-ple X and n-ple Y inser- [/ v |, -
tions as A™™ . We have to evaluate A™’s, with m
(m,n) = (6,0), (4,1), (2,2), (0,3) in six space-time = - ZR‘”’ 2;Opr-Teepm (3.6)
dimensions. Taking into account the fact that X and i=1

Y involve the covariant derivative once and twice re- ; :
i X N i The program to solve the recursion equations and to
spectively, we have terms consisted of sixth deriva- : : s :
y L. calculate contractions of their indices are presented
tives of I, K, k, fourth derivative of R, or products in Appendices A, B, and C
of lower derivatives of I, K, k, R, after moving the 2
covariant derivatives involved in X and Y to the
rightmost position,
The integrations over the momentum and the pa-
rameters are performed with the help of the following

We denote [0,%.., ]and [I,,...,.] as s[py,- -+, im., @]
and i[uy, -+, ftyy) in the computer programs, respec-
tively. If their indices are completely symmetrized,
they vanish. In fact, s[ui,---,um] vanishes, if all
indices except one are symmetrized. i[pl, . -‘,,um]

formula, vanishes, if all indices except the last one are sym-
metrized. Then, * 8y, -, = 0;

/Ha(f Zf )f (2?1_),, ek’ Ky Kz - Kygn glpa, - ue) * a’[pl.-g-[ﬁlps] :Psg an(glﬂéo on.pi‘]‘urther-
more, glp1, -+, prz] * 8[pr, -, pa) * S[ps, -, ps] *

_ eli— ”F(W) g d"k eckz(k‘Z)m 3[4&9,'”,#12] = 0, 9‘[}-"-1;"',#10] * S[M:"',ﬂq] *
27(j — 1)IT(w + m) “#H#274 [ (27)n s{s, - - ] * 8[pg, pro, v, v] = 0, glur,--+, pao] *
_iy=g (-nm ) s[p1, -+, ps]*s[pe, - -+, 1o) = 0 and so on. The terms

e (28)  proportional to the generalized metric with eight in-

= ) ) ) dices are not survival. Only surviving terms propor-
Whesew -2 and t}_le SERET ahz_ed mestic g Wag i tional to the generalized metric with six indices are
troduced in the previous paper®!) . It is defined by glin, - pe]®S[p, pa, - - ) *S[ps, pa, - - % s[us, ey -]

. {47{‘)“’ 2m(j = 1)| g#l#’-”'“l—‘zm

the recursive relation, glpns -y e * 81, oy -] * s[psy - ey
2m gl - pe] * spa, pa, gy - -] * 8[pa, ps, pe, -+, and
Guipa-pam = Z Guip; Guo-fij-pam (m>2), (2.9) 50 on.
i ) o IV Results
where fi; means that the index p; is eliminated from
the indices of g. In six space-time dimensions the third coefficient
The factor I'(w)/I'(w+m) appeared after averag- of the heat kernel is obtained as follows:
ing over the angle variables of the momentum, which Z Almn)

we call the symmetrization operation, eventually dis-
appears after the momentum integration. We count 1
only the factor 1/2™ by the symmetrization opera- = = tr[cl O°R + ¢ ROR + c3 R OR,.
tion, and other factors are taken into account at the . E—

final step of summing up all terms. In our calculation +ea RV VR +cs R ORyupa

(m,n)={(6,0),(4,1).(2.2),(0,3) }

of the heat kernel coefficient, j and m are related to +¢6 (VuR)? + ¢ (VuRup)® + cs (VX R*) V, Ry,
each other, that is, +¢o (VuRypor)? + 10 R’ + et RR2,
i S § (2.10) teRE2,,, +cis R, RY, R?,,
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+c14 Ry.p R,; R*?7 + c15 R", Rppﬂ‘f FEPT

+Clﬁ R_uupa Ryu TA RPUTA + C17 R;;pua R”ru)\ Rpra'l tensor C‘S value ,S -1
S (DQRW) R 4 dy R4 D‘)Rﬂ” (symbol) (general &) 1
pu P >, 2 BB 2 DQR £
+d3 R*" D, D {2,9 +dy (DuR,,)” + dsﬂ(D R,.) (ddddsc) _ﬁ + o5 ﬁ{.}
+dg (V*R) D" Ry, +d7 (V,R*"*°) D, R, BOR
o7 TS o1 11 2
+dg RRf“, +dy R*, R,, R"* (sc*ddsc) I:TD - ﬁ + % 14%
+dio R**° Ry Ryo + diy R*, Ryp R] . (41) R* OR,, 1 ]
Other tensor structures are reducible to the ones in (rddrl) 630 - 630
Eq.(4.1) with the help of the Bianchi identities. For R* V,V,R L€ ;
example, (rddsc) 420 ~ 90 T 2520
RMYPOR,, 0 = %RW DR o (4.2) RE27 ORyupo - &
i (Cdd(,) 420 420
v po — = phvpo B
R vTvarypo‘ — 2 R Dprpa' 3 (4A3) (VFR)E E:]_}ﬁ _ §6 + % -1—2
RM*°N, Y, Rrype = 2R*P°V,V,R,, = (dscsq) =
1 vpo vo 3y 1 (v RV )2
ERF P"ORuvpe + R*y Ryapy R o 4 ERFUPU (;rsq;) _ﬁ _251'56
X R AR™ + 2Rpus R® " ARFT* (4.4) (VER"")V,R,, 1 1
R‘uuvpvayp = lvavpvuR (drsq3) 1260 1260
Rﬁ Rv Rp 2 R..R R'uv’oc {4 -) (VPR”P‘TT)E 1 1
= v = v e 3 s — —_
) :7 1 1#; P - (dcsq) 560 560
R*DPD,R,, = ~3 i (4.6) R3 . e e g »
5 - 1 . e o (5c3) " TRt S 10368
R*D,D* Ry, =~ R*D?R,, + 2R",R,,R"* T
v 1 _ & 1
1 .. SN
= 5 RuupchpuRpo —: R“uRppRyp , (47) (SC’:‘SQ) 1080 180 2160
" pup o 1 pypo - RR#V‘DG e + 5 = .L
(V*R )DHRMD = E(VMR )DVRPG‘ (4.8) (sc*esq) 1080 ' 180 2160
=, s 1 2 R*, R", RF
(D&IR P]DuRpp = 5 (D.URV.O)z 1 (49) (I‘Cl:) " ‘—g{,-lﬁ _ﬁ
G 1 P
R R By = iR“”""R#,Rp, ; (4.10) R,y Ry RPVPT _ i 1
(crsq) 1890 1890
The coefficients ¢'s and d’s are shown in Table R R RupeT
1 and 2, respectively. These results agree with those e g'};g 91_5
by Gilkey®%19)  except fot the coefficients ¢;3, ¢4, (resq)
ds, and dy;. At present, we are not able to trace the Ryyper BEY o5, BPOTA - a4
origin of the discrepancy. (ccul) 11340 11340
If we take the trace of the third coefficient of the R RH_v, RPTON
heat kernel with respect to the Dirac indices, we ob- upve ST A == s
tain the explicit form of the trace anomaly, the ciral (ccu2)

anomaly, and the gravitational anomaly in six space-
time dimensions. The trace calculation will be left
for the future publication, together with the identifi-
cation of the reason for the discrepancy between our
result and Gilkey's one.

Table 1: The third coefficient of the heat kernel(¢’s)

\sigma_{\mu\nu\cdots\rho} is denoted by
s0[\mu, \nu, \cdots,\rho]. *)
Pdlx___,yl_+y2_,z___]:=

Pd[x,yl1,z] + Pd[x,y2,z];
Pdlx___,0,y___1:=0
Pdlx___,c_*rs(y__1,z___]:= c*Pd[x,rs[yl,z];
Pd[x___,c_*Pd[y__],z___]:= c*Pd[x,y,z];
Pd(x___,d[m_],rsly__l,z___]:=

Pd[x,rs(yl,d[m],z] + Pd[x,rs[m,y],z];
Pd[x___,d[m_],s0[y__],z___]:=

Appendix A. Recursive solution of I, ..,

SetDirectory["d:\\trace_anomaly2\contract"]

SetAttributes[Pd,Flat];

(¥ i[w] stands for I, w is a dummy,
z involves I. rs[\mu,\nu,\cdots,\rho,\tau]
stands for D_\mu D_\nu \hat{R}_{\rho\tau}.
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tensor d’s tensor d’s
(symbol) value (symbol) value
(D*Ru)R*™ | | || (VuR**°)D,R,, b
(speddspel) - (dedspe)
B DR, |, RE, _L
(speddspe2) 60 (sc*spesq) ®
R** D,D’R,, 3 R*, R,, R"* i
(rddspc) (rspesq) L
(D,R,,)? 5 R¥Po R R N
(dspesql) L (espesq) o
(D* Rw)g 1 R'uv }%#p Rve 1
(dspcsq2) i (speeu) o
(V*R) DYR,,,
(dscdspe) 0

Table 2: The third coefficient of the heat kernel(d’s)

Pd[x,s0[y],d[m],z] + Pd[x,s0[m,y],z];
Pdlx___,d[m_],rly__l,z___1:=

Pd[x,r[y],d[m],z] + Pdlx,r[m,y],z];
Pd[x__,d[m_],ily__]]:= Pd[x,i[m,y]];
Pd[x__,d[m_]]:= 0;

(* commutation relations for i[]. n is a
fixed index. i[mil,m2,\cdots,m6,w] is
specifically denoted by
it[m1,m2,\cdots,m6] *)

itlk__,12_,11_]:= it[k,11,12] -
Apply([Pd,Join[Thread[d[{k}]],
{rs[11,12],i[w]}]])/; OrderedQ[{11,12}];

it[k__,12_,11_,m__]:= it[k,11,12,m] -
Apply([Pd,Join[Thread [d[{k}]],
{rs[11,12],i[m,w]}]] - Sum[
Apply[Pd,Join[Thread [d[{k}]],
{r[11,12,{m}[[j]],n],
Apply[i,ReplacePart[{m,w},n,jl]1}]1],
{j,1,Length[{m}]}]/; OrderedQ[{11,12}];

it[12_,11_,m__]:= it[11,12,m] -
Pd[rs[11,12],i[m,w]] - Sum[
Pd[r[11,12,{m}[[j1],n],
Apply[i,ReplacePart[{m,w},n,j]1]],
{j,1,Length[{m}]}]/; OrderedQ[{11,12}];

counter=1

(* Deivative of Eq.(3.1) is identically
zero. n is a fixed index. *)

f [counter]=
Pd[d[m1],d[m2],d[m3],d[m4],d[m5],d[m6],
s0[n],iln,w]1//.
{Pd[s0[y_,n],il[x__,n,w]]->it[x,y]1};

(* rs[ml,m2,m3,m4,m5,m6] is specifically
denoted by rst(mi,m2,m3,m4,m5,m6] *)

f [counter+1]=f [counter]//. {
Pdlrs(k__],ilw]]->rstlk]l};

counter=counter+1

(* recursive definition of it[mil,\cdots,m6]
The second term is identically zero. *)
f [counter+1]=it[ml,m2,m3,m4,m5,m6] -
Expand[(f [counter]//. rs[m_]->0)/6];
counter=counter+1

f [counter+1]=f [counter]//. {
Pdlx___,rly__1,z___]1->r[yl*Pd[x,z],
Pd[x___,sO0[y__],z___]1->s0[yl#Pd[x,z],
Pd[rs[x__1]->rs[x],
PA[ilx__1]->i[x]1};

counter=counter+1

(* %%%%% The following part until the end
mark is commonly used in B and C programs.
ot to oo to e to Vo oo e Tata o o o to o to e Ta o o o Vot e ol tu o oo o %)

(* inclusion of definitions of lower
derivatives of I and s *)

Get["ids6form.txt"]

(* sc stands for the scalar curvature, R. *)
rlm_,n_,n_,m_]:= sc;

rlm_,n_,m_,n_]:= -sc;

rim_,m_,x_,y_]:= 0;

rlx__,m_,m_]:= 0;

rix_,m_,m_,y_,z_]:= 0;

(* ri[\mu,\nu] stands for the Ricci tenmsor,
R_{\mu\nu}. *)

rim_,x_,y_,m_]:= Apply[ri,Sort[{x,y}]];

rix_,m_,m_,y_]:= Apply[ri,Sort[{x,y}]];

rim_,x_,m_,y_]:= -Apply[ri,Sort[{x,y}]];

rlx_,m_,y_,m_]:= -Apply[ri,Sort[{x,y}]];

rix_,m_,y_,z_,m_]:=
Apply[ri, Join[{x},Sort[{y,z}]11];
rlx_,y_,m_,m_,z_]:=
Apply[ri,Join[{x},Sort[{y,z}]11];
rix_,y_,m_,z_,m_]:=
-Apply[ri,Join[{x},Sort [{y,2z}]]];
rlx_,m_,y_,m_,z_]:=
-Apply[ri,Join[{x},Sort[{y,z}]1];
(* %A%%% the end of the common part %AAAL *)

rs[x___,m_,m_]:= 0;
rs[x___,m_,n_,m_,n_]:= 0;
rs[x___,m_,n_,n_,m_J:= 0;

f [counter+1]=Expand[f [counter]];
counter=counter+1

i6=f [counter]//. {
Pd[rs[x__]]->rs[x],s0[x_,y_,z_]1->0};

Save["defi6_r.txt",i6]

Appendix B. Contraction of indices of I, ...,
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SetDirectory["d:\\trace_anomaly2\contract"]
Get["defi6_r.txt"]

SetAttributes[Pd,Flat]:
Pdlx___,yl_+y2_,z___]1:=
Pd[x,y1,z] + Pd[x,y2,2];
Pdlx___,0,y___1:=0
Pdlx___,c_*rsly__l,z___]:= c*Pd[x,rs[y]l,z];
Pdlx___,d[m_],rsly__],z___1:=
Pd[x,rs[y],d[m],2] + Pd[x,rs[m,y],z];
Pdlx___,d[m_],rly__],z___]:=
Pd[x,r[y],d[m],z] + Pd[x,r[m,y],2];
Pdlx__,d[m_]]1:= 0;
counter=1
(* definition of contracted i(6)
ilm_,m_,n_,n_,o_,o_,m7]:= i6cl;

ilm_,m_,n_,o_,o_,n_,m7]:= i6c2;
ilm_,n_,n_,m_,o_,o_,m7]:= i6c3;
ilm_,n_,n_,o_,o_,m_,m7]:= i6c4; *)

h[1i,counter]=i6//.
{m1->11,m2->11,m3->12,m4->12,m5->13,m6->13};
h[2,counter]=i6//.
{m1->11,m2->11,m3->12,m4->13,m5->13,m6->12};
h[3,counter]=i6//.
{mi1->11,m2->12,m3->12,m4->11,m5->13,m6->13};
h[4,counter]=i6//.
{m1->11,m2->12,m3->12,m4->13,m5->13,m6->11};

rst(k__,m_,m_]:= 0;
rst[k__,m_,n_,m_,n_J]:= 0;
rst(k__,m_,n_,n_,m_J]:= 0;

(* reordering of indices of rst[] *)

rstm_,x_,m_,y__]:= rst[m,m,x,y] -
Pd[d[m],rs[m,x],rs[y]] +
Pd[d[m],rs[y],rs[m,x]] -
Sum[Apply [Pd,Join[{d[m]},{r[m,x,{y}[[j1],n],
Applyl[rs,ReplacePart [{y},n,jl]1}]1],
{3,1,3}];

rstx_,m_,m_,y__]:= rst[m,x,m,y] -
Pd[rs[m,x],rs[m,y]] + Pd[rs[m,y],rs[m,x]] -
Sum[Pd [r [m,x,{m,y}[[j]1],n],
Apply([rs,ReplacePart [{m,y},n,j]11],{j,1,4}];

rstlx_,m_,y_,m_,z__]:= rst[x,m,m,y,z] -
Pd[d([x],d[m],rs[m,y],rs[z]] +
Pd[d(x],d[m],rs[z],rs[m,y]] -
Sum[Apply[Pd,Join[{d[x],d[m]},
{r[m,y,{z}[[j]],n],Applylrs,
ReplacePart[{z},n,j]]1}]],{j,1,2}];

rstx_,y_,m_,m_,z__):= rst[x,m,y,m,z] -
Pd[d[x],rs[m,y],rs[m,z]] +
Pd[d[x],rs[m,z] ,rs[m,y]l] -
Sum[Apply[Pd,Join[{d[x]},
{r[m,y,{m,2z}[[j1],n], Applylrs,
ReplacePart[{m,z},n,j]]1}]1], {j,1,3}];

Do[h[j,counter+1]=Expand[h[j,counter]],{j,1,4}]
counter=counter+l

Do[h[j,counter+1]=h[j,counter]//. {
Pdlx___,rly__1,z___1->rlyl*Pd[x,z],
Pd[rs[x__1]1->rs(x]},{j,1,4}]

counter=counter+1

(* %%%%% Here the common part mentioned in
Appendix A is inserted. UAAAAKALAALLAL *)

rs(x___,m_,m_]:= 0;
rs[m_,n_,m_,n_J]:= 0;
rs[m_,n_,n_,m_J:= 0;

(* reordering of last two indices of rs[]
Reordered rs[] is denoted by ors[]. *)

rslz___,x_,y_]:= ors[z,x,yl/; OrderedQ[{x,y}];

rslz___,y_,x_]:= -ors[z,x,y]/; OrderedQ[{x,y}];

Pdlx___,-orsl[y__1,z___]:= - Pd[x,ors[yl,z];

(* reduction of various tensor structures *)

substi="{ri[x_,y_l*ors[z__,x_,y_]1->0,

(x rs(2)°3 *)
Pd[lors[x_,y_],ors[x_,z_],ors[y_,z_1]

-> spccu,
Pd[ors[x_,z_],ors[x_,y_],orsly_,z_1]
-> -spccu,
Pd[ors[x_,y_],ors[y_,z_],ors[x_,z_]]
-> -spccu,
Pdlors[x_,z_],ors[y_,z_],ors[x_,y_]]
-> spccu,
Pdlorsly_,z_]1,ors[x_,y_],ors[x_,z_1]
-> spccu,
Pdlorsly_,z_],ors[x_,z_],ors[x_,y_]]
-> -spccu,

(* rs(3)7"2 *)
(* The arguments of the 1st
X_,Y_sZ_. %)
Pd[ors[],ors[x_,y_,z_]]1-> dspcsql,
Pdlors[],ors[x_,z_,y_]1]-> -dspcsql,
Pd[ors[],ors(y_,x_,z_]]-> dspcsql/2,
->
->
->

or[] are

Pd[ors[],ors[y_,z_,x_11-> -dspcsql/2,
Pdlors[],ors[z_,x_,y_1]1-> -dspcsql/2,
Pd[ors[],ors[z_,y_,x_11-> dspecsql/2,

Pdlors[m_,m_,x_],ors[n_,n_,x_]]->dspcsq2,
Pd[ors[m_,x_,m_],ors[n_,n_,x_]]->-dspcsq2,
Pdlors[m_,m_,x_],ors[n_,x_,n_]]->-dspcsq2,
Pd[ors[m_,x_,m_] ,ors[n_,x_,n_]]->dspecsq2,

(* rs(2)*rs(4) *)

(* The arguments of the 2nd ors[] are x_,y_. *)
Pd[lors[m_,m_,x_,y_],ors[]]-> spcddspcl,
Pdlors[m_,x_,m_,y_],ors[]]1-> spcddspcl/2,
Pdlors[m_,x_,y_,m_],ors[]]-> -spcddspcl/2,
Pd[ors[x_,m_,m_,y_],ors[]1]->

spcddspcl/2-spccutrspesg+cespesq/2,
Pd[ors[x_,m_,y_,m_],ors[]]->
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-spcddspcl/2+spccu-rspesq-cspesq/2,
(*# Similar expressions where x and y in the
second ors[] are exchanged follow. *)

riln_,m_,n_J*ors[k_,k_,m_]-> -dscdspc/2,
ri[n_,m_,n_J*ors[k_,m_,k_]-> dscdspc/2,
riln_,n_,m_Jxors(k_,k_,m_]-> -dscdspc/2,
riln_,n_,m_J*ors[k_,m_,k_]-> dscdspc/2,

(* The arguments of the 1st ors[] are x_,y_. *) (* The arguments of the 2nd ors[] are

Pd[ors([],ors[m_,m_,x_,y_]]-> spcddspc2,

Pd[ors[],ors[m_,x_,m_,y_]]-> spcddspc2/2,

Pd[ors([],ors[m_,x_,y_,m_]]1-> -spcddspc2/2,

Pd[ors(],ors(x_,m_,m_,y_1]1->
spcddspc2/2-spccu+rspesq+espesq/2,

Pd[ors[],ors[x_,m_,y_,m_]1]1->
-spcddspc2/2+spccu-rspesq-cspesq/2,

(* Similar expressions where x and y in the
first ors[] are exchanged follow. *)

(* rs(2)"2*ricci *)

Pdlors[x_,y1_],orsx_,y2_]]*ri[z1_,z2_]
-> rspcsq,

Pd[ors[x_,yl_],ors[y2_,x_])*ri[zl_,z2_]
-> -rspcsq,

Pd[ors[yl_,x_],ors[x_,y2_]l*ri[z1_,z2_]
-> -rspesq,

Pd[ors[yl_,x_],ors[y2_,x_])*ril[z1_,z2_]
-> rspcsq,

(* rs(2)"2*r(4) =)
Pdlors[x_,y_],ors[z_,w_]11*r[ul_,u2_,
u3_,w_]-> cspesqlx,y,z,ul,u2,u3],
Pdlors[x_,y_],ors(z_,w_]1]*r[ul_,u2_,
w_,u3_]-> -cspesqlx,y,z,ul,u2,ud],

Pd[ors[x_,y_],ors[z_,w_1]*r[ul_,w_,
u2_,u3_]-> cspecsq[x,y,z,u2,u3,ul],

Pd[ors(x_,y_],ors[z_,w_]]*r[w_,ul_,
u2_,u3_]-> -cspesqlx,y,z,u2,u3,ul],

rln_,n_,x_,y_,z_l->-dcly,z,x],
rln_,x_,n_,y_,z_]->dcly,z,x],
r(o_,x_,y_,n_,z_]->-dc[x,y,2],
rln_,x_,y_,z_,n_]->dc[x,y,z]}";

Do[h[j,counter+1]=Expand[h[j,counter]]//.
ToExpression[substi],{j,1,4}]
counter=counter+1

subst2="{r[x__]*r[y__l*ors[zl_,z2_]->0,
rx__l*rily__l*ors[zi_,z2_]1->0,
rilx__l*rily__l*ors([zi_,z2_]->0,
rlx1_,x2_,x3_,x4_,x5_,x6_l*ors[yl_,y2_1->0,

(* r(4)*rs(4) *)
rix1_,x2_,x3_,x4_J*ors[yl_,y2_,y3_,y4_1->0,

rilx_,y_J*ors[x_,m_,y_,m_]-> rddspc,
ri[x_,y_J*ors[x_,m_,m_,y_]-> -rddspc,
rilx_,y_J*ors[m_,x_,m_,y_]-> -rddspc,
ri[x_,y_l*ors[m_,x_,y_,m_]-> rddspc,

(* Similar expressions where x
are exchanged follow. *)

(x r(8)*rs(3) *)
ri[m_,n_,n_J*ors[k_,k_,m_]->
ri[m_,n_,n_J*ors[k_,m_,k_]->

and y in ri[]

-dscdspc,
dscdspc,

mi_,m2_,m3_. *)

dc[ml_,m2_,m3_J*ors[]->
dc[mi_,m3_,m2_J*ors[]->
dc[m2_,mi_,m3_]*ors[]->
dc[m2_,m3_,mi1_]*ors[]->
dc[m3_,m1_,m2_]*ors[]->
de[m3_,m2_,ml1_]*ors[]->

dcdspc/2,
-dcdspe/2,
-dedspc/2,
-dcdspc,
dcdspc/2,
dcdspc,

ri[mi_,m2_,m3_J*ors[]-> 0,
ri[mi_,m3_,m2_]*ors[]-> 0,
ri[m2_,m1_,m3_J*ors[]-> -dcdspc/2,
ri[m2_,m3_,m1_J*ors[]-> -decdspc/2,
ri[m3_,m2_,mi1_J*ors[]-> dedspc/2,
ri(m3_,mi_,m2_]x*ors[]-> dcdspc/2,

(* rs(2)"2xr(4) *)
cspesqlx_,y_,2z_,x_,y_,z_]->cspesq,
cspesqlx_,y_,z_,x_,z_,y_]l->cspcsq/2,
cspesqlx_,y_,z_,y_,%x_,z_]->-cspcsq,
cspesqlx_,y_,z_,y_,z_,x_]->-cspcsq/2,
cspesqlx_,y_,z_,z_,x_,y_]->-cspcsq/2,
cspesqlx_,y_,z_,z_,y_,x_]->cspcsq/2}";

Do[h[j,counter+1]=Expand[h[j,counter]]//.
ToExpression[subst2],{j,1,4}]
counter=counter+1

i6cl= Expand[h[1,counter]]
i6c2= Expand[h[2, counter]]
i6c3= Expand[h[3,counter]]
i6c4= Expand[h[4,counter]]

Save["iBcont_r.txt",i6cl,i6c2,i6c3,1i6c4]

Appendix C. Recursive solution of g,...,,"
and contraction of its indices

SetDirectory["d:\\trace_anomaly2\contract"]

(* s[\mu,\nu,\cdots,\rho] stands for \sigma_

{\mu, \nu, \cdots}~\rho. *)
SetAttributes[Pd,Flat];
Pdlx___,yl_+y2_,z___]1:=

Pd[x,yl,z] + Pd[x,y2,z];
Pdlx___,c_*y_,z___]:= c*Pd[x,y,z]

/; Number(Q[c];
Pdlx___,d[m_],s0[y__],z___]:=

Pd[x,s0[y],d[m],z] + Pd[x,sO[m,y],z];
Pdlx___,d[m_],sly__l,z___]:=

Pd[x,s[y],d[m],z] + Pd[x,s[m,y],z];
Pdlx___,d[m_],r(y__l,z___]:=

Pd[x,r[y],d[m],z] + Pd[x,r[m,y],z];
Pd[x__,d[m_1]:= 0;
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counter=1

(* deivative of Eq.(3.3) is identically zero.
n is a fixed index. *)

f[counter]=st[ml,m2,m3,m4,m5,m6,m7,p] -
Pd[d[m1],d[m2],d[m3],d[m4],d[m5],d[m6],
d[m7],s[n,pl,s0m11//. {
Pd[s[x__,n,pl,s0ly_,n]l]l->st[x,y,p],
Pd[s[n,pl,s0[x__,n]1]1->-s0[x,pl};

(* reordering of indices in s(8),
n and p are fixed indices.
s[m1,m2,\cdots,m7,p] is specifically
denoted by st[ml,\cdots,p]. *)

st[k__,m2_,mi1_,p]:= st[k,ml,m2,pl/;
OrderedQ[{m1,m2}];

st[m2_,ml_,x__,pl:= st[ml,m2,x,p] -
Sum[Pd[r[mi,m2,{x}[[j]],n],
Apply[s,Join[ReplacePart [{x},n,j],{p}]]],
{j,1,Length[{x}]}]/; OrderedQ[{m1,m2}];

st(k__,m2_,ml_,x__,pl:= st[k,ml,m2,x,p] -
Sum[Apply[Pd,Join[Thread[d[{k}]],
{r[mi,m2,{x}[[j1],n],Applyls,
Join[ReplacePart [{x},n,j],{p}1]1}]1],
{j,1,Length[{x}]1}]/; OrderedQ[{m1,m2}];

f [counter+1]=f [counter] ;
counter=counter+1

f [counter+1]=f [counter]//. Pd->Times;
counter=counter+1

(* recursive definition of st[ml,\cdots,m7,p]
The second term is identically zero. *)
f [counter+1]=Expand[st [ml,m2,m3,m4,
m5,m6,m7,pl+£f [counter]/6]//. {
s0[m_1->0,s0[m_,n_l->g[m,n],s0[m_,n_,0_]1->0,
s[m_1->0,s[m_,n_]->-glm,n],s[m_,n_,0_]1->0};
counter=counter+1

f [counter+1]=f [counter]//. {
glx_,y_J*s0[z1___,x_,z2___1->s0[z1,y,22],
glx_,y_ I*slz1___,x_,22___1->s[=z1,y,22],
glx_,y I*rlzi___,x_,z2___1->r(z1,y,z2]};

counter=counter+1

(* r(5) *)
rix_,m_,n_,m_,n_]:= -sc[x];
rix_,m_,n_,n_,m_]:= sc[x];
rim_,x_,n_,m_,n_J]:= -sc[x]/2;
rlo_,x_,n_,n_,m_]:= sc[x]/2;
rim_,n_,x_,m_,n_J:= sclx]/2;
rlm_,n_,x_,n_,m_]:= -sc[x]/2;
rim_,m_,n_,x_,n_]:= -sc[x]/2;
rlm_,n_,m_,x_,n_]:= sc[x]/2;
r(m_,m_,n_,n_,x_J]:= sc[x]/2;
rim_,n_,m_,n_,x_J]:= -sc[x]/2;

(* %%%%% Here the common part mentioned in

Appendix A is inserted. UALWALALAALALN *)

(* Bianchi identity *)
rim_,m_,x_,y_,z_]:=
-Apply[ri,Join[{y},Sort [{x,z}]]]+
Apply[ri,Join[{z},Sort [{x,y}11];
rlm_,x_,m_,y_,z_]:=
Apply[ri,Join[{y},Sort [{x,z}1]1]-
Applyl[ri,Join[{z},Sort [{x,y}1];
rlm_,x_,y_,m_,z_]:=
-Applyl[ri,Join[{x},Sort[{y,z}]]]+
Apply[ri,Join[{y},Sort[{x,z}]1]];
rim_,x_,y_,z_,m_]:=
Apply[ri,Join[{x},Sort[{y,z}1]-
Apply[ri,Join[{y},Sort [{x,z}]1]];
(* r(6) *)
rlx_,y_,m_,n_,m_,n_]:
rlx_,y_,m_,n_,n_,m_]:

-Apply[sc,Sort [{x,y}1];
Apply(sc,Sort [{x,y}]1];

sc[m_,m_]:= ddsc;

rilx_,m_,m_]:= sc[x];
rilm_,m_,x_]:= sc[x]/2;
rilm_,x_,m_]:= sc[x]/2;

rix_,y_,m_,z_,m_,w_]:=
-Apply[ri,Join[{x,y},Sort[{z,w}]1]1];
rix_,y_,z_,m_,w_,m_]:=
-Apply[ri,Join[{x,y},Sort[{z,w}]]];
rlx_,y_,z_,m_,m_,w_]:=
Applyl[ri,Join[{x,y},Sort[{z,w}]]];
rix_,y_,m_,z_,w_,m_]:=
Apply [ri,Join[{x,y},Sort [{z,w}]1]1];
ri[m_,n_,m_,n_]:= ddsc/2;

s8=Expand [f [counter]];
Save["defs8_r.txt",s8]

(* application of Bianchi identity *)
rix_,m_,m_,y_,z_,w_]:=
Apply [ri,Join[{x,w},Sort[{y,z}]1]1]-
Applyl[ri,Join[{x,z},Sort [{y,w}l]1];
rix_,m_,y_,m_,z_,w_]:=
-Apply([ri,Join[{x,w},Sort[{y,z}]1]1]+
Apply[ri,Join[{x,z},Sort[{y,w}1]1];
rlx_,m_,y_,z_,m_,w_]:=
-Apply[ri,Join[{x,y},Sort[{z,w}]]]+
Applyl[ri,Join[{x,z},Sort[{y,w}]]1];
rix_,m_,y_,z_,w_,m_]:=
Apply[ri,Join[{x,y},Sort[{z,w}]]]-
Apply[ri,Join[{x,z},Sort [{y,w}]]];

ri(m_,m_,n_,n_]:= ddsc;
ri[m_,n_,m_,n_]:= ddsc/2;
ri[m_,n_,n_,m_]:= ddsc/2;

"

rilx_,m_,m_,y_]:
rilx_,m_,y_,m_]:
rifm_,x_,m_,y_]:

Apply[sc,Sort [{x,y}11/2;
Applyl[sc,Sort [{x,y}]1/2;
Apply([sc,Sort[{x,y}11/2 -
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ril[x,q1l*rily,ql] + rilm,q1l*r[m,x,y,qll; - ri[x,y,z,ql*rilw,q] - rilx,z,ql*rily,w,q]
rilm_,x_,y_,m_]:= Apply[sc,Sort[{x,y}11/2 - - rily,z,q)*rilx,w,q] - rilz,q)*rilx,y,w,q]
rilx,qi]*rily,q1] + rilm,q1l*r[m,x,y,q1]; + r[x,y,m,z,w,ql*rilm,q] + rlx,m,z,w,ql*
rily,m,q] + rly,m,z,w,ql*ri[x,m,q]
rix_,y_,z_,w_,u_,v_,m_,m_]:= 0; + r[m,z,w,ql*rilx,y,m,ql;
rlx_,y_,z_,w_,m_,m_,u_,v_]:= 0; rilx_,y_,m_,z_,w_,m_]:=
rlx_,y_,z_,w_,m_,n_,n_,m_]:= Apply[sc,Join[{x,y},Sort[{z,w}]]1]/2
Applyl([sc,Join[{x,y},Sort[{z,w}]]]; - ri[x,y,z,ql*rilw,q] - rilx,z,ql*rily,w,q]
rlx_,y_,z_,w_,m_,n_,m_,n_]:= - rily,z,ql*rilx,w,q] - rilz,ql*rilx,y,w,q]
-Apply[sc,Join[{x,y},Sort[{z,w}]1]1]; + rlx,y,m,z,w,ql*rilm,q] + rlx,m,z,w,ql*
rily,m,q] + rly,m,z,w,ql*ri[x,m,q]
(* rddr2 stands for R_{\mu\nu} + r[m,z,w,ql*ri[x,y,m,q];
\nabla_\rho\nabla“\mu R“{\rho\nu}, and it rilx_,y_,m_,m_,z_,w_]:= rilx,m,y,m,z,w]
is eliminated at the final step. *) + ri[x,y,ql*rilq,z,w] + rily,ql*ril[x,q,z,w]
sc[m_,m_,n_,n_] := ddddsc; + rlx,y,m,z,ql*rilm,w,q] + rly,m,z,q]*
sc[m_,n_,m_,n_)]:= ddddsc - dscsq/2 -2#%rddr2 - ri[x,m,w,q] + rlx,y,m,w,ql*rilm,z,q]
2*rcu -2*crsq; + rly,m,w,ql*rilx,m,z,q];
sc[m_,n_,n_,m_] := ddddsc - dscsq/2 -2+%rddr2 -
2%¥rcu -2*crsq; counter=1
(* definition of contracted s(8)
sclx_,y_,m_,m_]:= ddsc[x,y]; s[m_,m_,n_,n_,o_,o_,p_,p_]:= sol;
sclx_,m_,y_,m_]:= ddsc[x,y] -rilx,y,q2]%* s[m_,m_,n_,n_,p_,o_,o_,p_]:= so2;
sc[q2] -rily,q2]*sclx,q2]; s[m_,m_,p_,n_,n_,o_,o_,p_]:= so3;
sclx_,m_,m_,y_]:= ddsclx,y] -rilx,y,q2]* slp_,m_,m_,n_,n_,o_,o_,p_]:= so4; *)
sc[q2] -rily,q2]*sclx,q2]; h[1,counter]=Expand[s8//.
{m1->11,m2->11,m3->12,m4->12,
ddsc[m_,m_] := ddddsc; m5->13,m6->13,m7->14,p->14}];
h[2,counter]=Expand([s8//.
rlx_,y_,z_,w_,m_,u_,v_,m_J:= {m1->11,m2->11,m3->12,m4->12,
Applyl[ri,Join[{x,y,z,w},Sort[{u,v}]1]1]; m5->14,m6->13,m7->13,p->14}] ;
rlx_,y_,z_,w_,u_,m_,m_,v_]:= h[3,counter]=Expand[s8//.
Apply[ri,Join[{x,y,z,w},Sort [{u,v}]]]; {m1->11,m2->11,m3->14 ,m4->12,
rlx_,y_,z_,w_,m_,u_,m_,v_]:= m5->12,m6->13,m7->13,p->141}] ;
-Apply[ri,Join[{x,y,z,w},Sort [{u,v}]]]; h[4,counter]=Expand[s8//.
rix_,y_,z_,w_,u_,m_,v_,m_]:= {mi->14,m2->11,m3->11 ,m4->12,
-Apply[ri,Join[{x,y,z,w},Sort [{u,v}]1]; m5->12,m6->13,m7->13,p->14}];
rix_,y_,z_,m_,m_,w_,u_,v_]:=
Apply(ri,Join[{x,y,z,v},Sort[{u,w}]]] - (* inclusion of definition of s0(8) *)
Applyl[ri,Join[{x,y,z,u},Sort [{v,w}]1]1]; Get ["defs08_r.txt"]
rlx_,y_,z_,m_,w_,m_,u_,v_]:= (* inclusion of expressions of contracted
-Apply[ri,Join[{x,y,z,v},Sort [{u,w}]]] + s0(8) (s08co1,\cdot,s08co4) *)
Applyl[ri,Join[{x,y,z,u},Sort[{v,w}]]]; Get["s08cont_r.txt"]
rix_,y_,z_,m_,w_,u_,m_,v_]:=
-Apply[ri,Join[{x,y,z,w},Sort [{u,v}]]] + Do[h[j,counter+1]=Expand[h([j,counter]],{j,1,4}]
Apply[ri,Join[{x,y,z,u},Sort [{v,w}]]1]; counter=counter+1
rix_,y_,z_,m_,w_,u_,v_,m_]:=
Applylri,Join[{x,y,z,w},Sort[{u,v}]]] - substl1="{
Applylri,Join[{x,y,z,u},Sort[{v,w}l1]; s0[11,11,12,12,13,13,14,14]-> s08col,
s0[11,11,12,12,14,13,13,14]-> s08co2,
(* ordering in ri, q is a fixed index. ¥) s0[11,11,14,12,12,13,13,14]-> s08co3,
rilx_,y_,z_,w_,m_,m_]:= s0[14,11,11,12,12,13,13,14]-> s08co4,
Applyl[sc,Join[{x,y},Sort[{z,w}]]];
rilx_,y_,z_,m_,w_,m_]:= (x r(1)°2, r(3)"2 =*)
Applyl[sc,Join[{x,y},Sort[{z,w}1]1/2; sc[x_]"2->dscsq,rilx_,y_,z_]1"2-> drsq2,
rilx_,y_,z_,m_,m_,w_]:= rilx_,y_,z_l*rilx_,z_,y_]1-> drsq?2,
Applyl[sc,Join[{x,y},Sort[{z,w}]1]1]1/2; rilx_,x2_,x3_J*rilyl_,x_,y3_]-> drsq3,
rilx_,y_.,m_,z_,m_,w_]:= rilx_,x2_,x3_J#rilyl_,y2_,x_]-> drsq3,

Apply([sc,Join[{x,y},Sort[{z,w}]]]/2 (x r(2)"2r,r(2)°3,r(2)"2r(4) *)
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ri[x_,y_]1"2->rsq,
rilx_,y_I*rfu__,x_,y_,z1_,z2_]->0,
rily_,x_)*rlu__,x_,y_,zl_,z2_]1->0,
ri(x_,y_J*r[u__,x_,y_]->0,
rily_,x_)*r[u__,x_,y_]1->0,
rilx_,y_l*rilx_,z_l*rily_,z_]-> rcu,
(* The arguments of the 1st and 2nd ri[] are
X_,y_ and z_,w_, respectively. *)
ri[J*rill*r(x_,z_,y_,w_]-> crsq,
ri(J*ri(]*r(x_,w_,y_,z_]-> crsq,
ri[lJ*ri(l*r(y_,z_,x_,w_]-> crsq,
ri[J*ri(]*r(y_,w_,x_,z_]-> crsq,
ri[J*ri[]*r[x_,z_,y_,w_]-> crsq,
ri[l*ri[l*r[x_,z_,w_,y_]-> -crsq,
ri[l*ri[J*r[x_,w_,z_,y_]1-> -crsq,
ri[l*ri(J*r[y_,z_,w_,x_]-> -crsq,
ri[J*ri(J#*r[y_,wv_,z_,x_]-> -crsq}";
Do[h[j,counter+1]=h[j,counter]//.
ToExpression[subst1],{j,1,4}]
counter=counter+1

(x r(2)x(6) *)
subst2="{
rilx_,y_l*sc[x_,y_1-> 2*rddr2+2*rcu+2xcrsq,

rilx_,y_l*rilm_,m_,x_,y_]-> rddrl,
rilx_,y_l*rilm_,x_,m_,y_]1-> rddr2,
rilx_,y_l*rilm_,x_,y_,m_]-> rddr2,
rilx_,y_l#rilx_,m_,m_,y_]-> rddr2+rcu+crsq,
rilx_,y_J*rilx_,m_,y_,m_]-> rddr2+rcu+crsq,

(* Similar expressions where ri[x_,y_] is

replaced by rily_,x_] follow. *)

(* The arguments of ri[] are x_,y_. *)
ri[J*r[m_,n_,x_,m_,y_,n_J]-> -rddri+rddr2,
ri(J#*r[m_,n_,x_,m_,n_,y_]-> rddri-rddr2,
ri[J*r[m_,n_,m_,x_,y_,n_]-> rddri-rddr2,
ri[J*r[m_,n_,m_,x_,n_,y_]-> -rddri+rddr2,

(* Similar expressions where ril[x_,y_] is

replaced by rily_,x_] follow. *)

(* The arguments of ri[] are x_,y_. *)
ri(J*r[m_,n_,x_,n_,y_,m_]-> -rddri+rddr2,
ri(l*r[m_,n_,x_,n_,m_,y_]-> rddril-rddr2,
ri[J*r[m_,n_,n_,x_,y_,m_]-> rddrl-rddr2,
ri(J*r[m_,n_,n_,x_,m_,y_]-> -rddri+rddr2,

(* Similar expressions where ri([x_,y_] is

replaced by rily_,x_] follow. *)
3"

Do[h[j,counter+1]=Expand[h[j,counter]//.
ToExpression[subst2]],{j,1,4}]

counter=counter+1

(x r(4)r(6) =*)
subst3="4{
r(n_,mi_,m2_,n_,m3_,md_]->
-r[(n,ml,n,m2,m3,m4],
r(n_,ml_,m2_,m3_,n_,m4_]->
r(n,mi,n,m4,m2,m3],
r(n_,mi_,m2_,m3_,m4_,n_]->

-r[n,mi,n,m4,m2,m3],
r(mi_,n_,m2_,n_,m3_,m4_]->
-r[mi,n,n,m2,m3,m4],
r(mi_,n_,m2_,m3_,n_,m4_]->
r(ml,n,n,m4,m2,m3],
r(mi_,n_,m2_,m3_,m4_,n_]->
-r[mi,n,n,m4,m2,m3]}";
Do[h[j,counter+1]=h[j,counter]//.
ToExpression[subst3],{j,1,4}]
counter=counter+1

substéd="{
rim_,x_,y_,w_J]*r[n_,n_,z1_,z2_,z3_,m_]->
-rly,w,x,m]*r[n,n,z1,2z2,23,m],
rix_,m_,y_,w_]l*r[n_,n_,z1_,z2_,z3_,m_]->
rly,w,x,m]*r[n,n,z1,22,23,m],
rix_,y_,m_,w_l*r[n_,n_,z1_,z2_,z3_,m_]->
-r[x,y,w,m]*r[n,n,z1,22,23,m],

rlm_,x_,y_,w_l*r[n_,z1_,n_,z2_,z3_,m_]->
-r[y,w,x,m]*r[n,z1,n,22,23,m],

rlx_,m_,y_,w_l*r[n_,z1_,n_,z2_,z3_,m_]->
rly,w,x,m]*r[n,z1,n,22,23,m],

rix_,y_,m_,w_l*r[n_,z1_,n_,z2_,z3_,m_]->
-r[x,y,w,m]*r[n,z1,n,z2,23,m],

rlm_,x_,y_,w_l*r(zl_,n_,n_,z2_,z3_,m_]->
-r(y,w,x,m]*r[z1,n,n,z2,23,m],
rix_,m_,y_,w_l*r[zl_,n_,n_,z2_,z3_,m_]->
rly,w,x,m]*r[z1,n,n,z2,2z3,m],
rix_,y_,m_,w_l*r[zi_,n_,n_,z2_,z3_,m_]->
-r[x,y,w,m]*r[z1,n,n,z2,23,m]}";
Do[h[j,counter+1]=h[j,counter]//.
ToExpression[subst4],{j,1,4}]
counter=counter+1

subst5="{

(* The arguments of the 2nd r[] are
n_,n_,ml_,m2_,m3_,m4_. *)
r(mi_,m2_,m3_,m4_J*r[]-> cddc,
r(mi_,m3_,m2_,m4_J*r[]-> cddc/2,
r[(m2_,mi_,m3_,m4_J*r[]-> -cddc,
r[m2_,m3_,mi_,m4_J*r[]-> -cddc/2,
r(m3_,mi_,m2_,m4_J*r[]-> -cddc/2,
r[m3_,m2_,mi_,m4_l*r[]-> cddc/2,

(* The arguments of the 2nd r[] are
n_,mi_,n_,m2_,m3_,m4_. *)
rlmi_,m2_,m3_,m4_J*r[]-> cddc/2,
r(mi_,m3_,m2_,m4_l*r[]-> cddc/4,
r(m2_,mi_,m3_,md4_l*r[]-> -cddc/2,
r[m2_,m3_,mi_,m4_J*r[]-> -cddc/4,
r[m3_,mi_,m2_,m4_Jl#*r[]-> -cddc/4,
r[m3_,m2_,mi_,md4_l*r[]-> cddc/4,

(* The arguments of the 2nd r[] are
mi_,n_,n_,m2_,m3_,m4_. *)
r(mi_,m2_,m3_,m4_Jl*r[]-> -2%aaa,
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r(mi_,m3_,m2_,m4_J*r[]-> -aaa,
r(m2_,mi_,m3_,m4_l*r[]-> 2+*aaa,
r[m2_,m3_,mi_,m4_l*r[]-> aaa,
r[(m3_,mi_,m2_,m4_]*r[]-> aaa,
r[m3_,m2_,mi_,m4_l*r[]-> -aaal}";
Do[h[j,counter+1]=h[j,counter]//.
ToExpression[subst5],{j,1,4}]
counter=counter+1

(* r(2)r(4)"2 *)
subst6="
rilx_,y_J*rlz1___,x_,z2___J*r[z3___,y_,
z4___]->rixr[zl,k1,z2]*r[z3,k2,z4]";
Do[h[j,counter+1]=h[j,counter]//.
ToExpression[subst6] ,{j,1,4}]
counter=counter+i

subst7="4{
rlx_,ki,y__1-> -rlki,x,yl,
rix__,ki,y_1-> rikl,y,x],
rlx__,y_,k1]1-> -r[k1,y,x],

(* Similar expressions where k1 is replaced

by k2 follow. *) j L
Do[h[j,counter+1]=h[j,counter]//.
ToExpression[subst7],{j,1,4}]

counter=counter+1

subst8="{
(* The arguments of the 1st r[] are
x_,mi_,m2_,m3_. %)

ri*r[J*r[y_,mi_,m2_,m3_]-> rcsq,
ri*r[J*r[y_,mi_,m3_,m2_]-> -rcsq,
ri*r[J*r[y_,m2_,mi_,m3_]-> rcsq/2,
ri*r[]*r[y_,m2_,m3_,mi_]-> -rcsq/2,
ri*r[]*r[y_,m3_,mi_,m2_]-> -rcsq/2,
ri*r[]*r[y_,m3_,m2_,ml_]-> rcsq/2}";

Do[h[j,counter+i]l=h[j,counter]//.
ToExpression[subst8],{j,1,4}]

counter=counter+1

(* r(4)r(6) =)
subst9="{
rin_,mi_,m2_,m3_J#ri[m4__,n_]->
-r[m2,m3,ml,n]*ri[m4,n],
r(mi_,n_,m2_,m3_Jl*ri[m4__,n_]->
r[m2,m3,mi,n]*ri[m4,n],
r(mi_,m2_,n_,m3_l*ri[m4__,n_]->
-r[ml,m2,m3,n] *ri[m4,n]}";
Do[h[j,counter+1]=h[j,counter]//.
ToExpression[subst9],{j,1,4}]
counter=counter+1

subst10="{

(* The arguments of ri[] are
mi_,m2_,m3_,n_. *)
rmi_,m2_,m3_,n_l*ri[]-> 0,
r(mi_,m3_,m2_,n_l*ri[]-> aaa,
r[(m2_,mi_,m3_,n_l*ri[]-> 0,

r[m2_,m3_,ml_,n_J*ri[]-> aaa,
r[(m3_,ml_,m2_,n_Jl*ri[]-> -aaa,
r[(m3_,m2_,mi_,n_J*ri[]-> -aaal}";
Do[h[j,counter+1]=h[j,counter]//.
ToExpression[subst10],{j,1,4}]
counter=counter+]

rlx_,y_,z_,w_]:=orlx,y,z,ul/;
SameQ[w,Sort [{x,y,z,w}] [[4]]]
rix_,y_,w_,z_]:= -or[x,y,z,w]/;
SameQ[w,Sort [{x,y,z,w}] [[4]1]]
rlx_,w_,y_,z_]:= orly,z,x,wl/;
SameQ [w,Sort [{x,y,z,w}] [[4]]]
rlwv_,x_,y_,z_]:= -orly,z,x,wl/;
SameQ [w,Sort [{x,y,z,w}] [[4]]]

rixi_,x2_,x3_,x4_,x5_]:= rp[x1,x2,x3,x4,x5]/;
SameQ [x5,Sort [{x1,x2,x3,x4,x5}] [[5]]]
rix1i_,x2_,x3_,x5_,x4_):= -rp[x1,x2,x3,x4,x5]/;
SameQ [x5,Sort [{x1,x2,x3,x4,x5}]1 [[5]]]
rixi_,x2_,x56_,x3_,x4_]:= rp[x1,x3,x4,x2,x5]/;
SameQ [x5,Sort [{x1,x2,x3,x4,x5}] [[5]]]
rlxi_,x6_,x2_,x3_,x4_]:= -rp[x1,x3,x4,x2,x5]/;
SameQ [x5,Sort [{x1,x2,x3,x4,x5}] [[5]1]]
r(x5_,x1_,x2_,x3_,x4_]:=
-rplx1,x3,x4,x2,x5] + rp[x2,x3,x4,x1,x5]/;
SameQ [x5,80rt [{x1,x2,x3,x4,x5}] [[5]]]

substii="{

(* r(4)°2, r(4)°3 *)
or(x_,y_,z_,w_]1"2->csq,

(* The arguments of the 2nd or[] are
X_,V_,Z_,W_. %)
or[x_,z_,y_,w_l*or[]-> ecsq/2,
orly_,x_,z_,w_]*or[]-> -csq,
orly_,z_,x_,u_l*or[]-> -csq/2,
orlz_,x_,y_,w_l*or[]-> -csq/2,
orlz_,y_,x_,w_]*or[]-> csq/2,

or[xi_,y_,x2_,w_]*or[x3_,x4_,y_,w_]->
or[x1,x2,y,wl*or[x3,x4,y,w]/2,
orly_,x1_,x2_,w_J]*or[x3_,x4_,y_,w_]1->
-or[x1,x2,y,w]*or[x3,x4,y,w]/2,
or[xi_,y_,x2_,w_J*or[x3_,y_,x4_,w_]->
ulx1,x2]*ulx3,x4],
orly_,x1_,x2_,w_l*or[x3_,y_,x4_,w_]->
-ulx1,x2]*ul[x3,x4],
orly_,x1_,x2_,w_]*or[y_,x3_,x4_,u_]->
ulxl,x2]*ulx3,x4],
(x r(8)"2 %)
rplx1_,x2_,x3_,x4_,x5_]"2->dcsq2,
(* The arguments of the 1st rp[] are
x1_,x2_,x3_,x4_,xb_. *)
rpll*rplx1_,x2_,x4_,x3_,x5_]-> dcsq2/2,
rp[]*rplx1_,x3_,x2_,x4_,x5_]-> -dcsq2,
rp[]*rplxi_,x3_,x4_,x2_,x5_]-> -dcsq2/2,
rpl)*rplxi_,x4_,x2_,x3_,x5_]-> -dcsq2/2,
rp[l*rplx1_,x4_,x3_,x2_,x5_]-> dcsq2/2,
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rp[]*rp[x2_,x1_,x3_,x4_,x5_]-> dcsq2/2,
rp[l*rp[x2_,x1_,x4_,x3_,x5_]-> dcsq2/4,
rp[l*rp[x2_,x3_,x1_,x4_,x5_]-> -dcsq2/2,
rp[l*rp[x2_,x4_,x1_,x3_,x5_]-> -dcsq2/4,
rp[l#rp[x3_,x1_,x2_,x4_,x5_]-> -dcsq2/2,
rp[l*rp[x3_,x1_,x4_,x2_,x5_]-> -dcsq2/4,
rp[l#rp(x3_,x2_,x1_,x4_,x5_]-> dcsq2/2,
rp[l*rp[x3_,x4_,x1_,x2_,x5_]-> dcsq2/4,

rp[l*rp[x2_,x3_,x4_,x1_,x5_]-> -dcsq2/4,
rp[l*rp[x2_,x4_,x3_,x1_,x5_]-> dcsq2/4,
rp[l*rp[x3_,x2_,x4_,x1_,x5_]-> dcsq2/4,
rp[*rp[x3_,x4_,x2_,x1_,x5_]-> -dcsq2/4,
rp[l*rp[x4_,x1_,x2_,x3_,x5_]-> -dcsq2/4,
rp[l*rplx4_,x1_,x3_,x2_,x5_]-> dcsq2/4,
rp[l*rp(x4_,x2_,x1_,x3_,x5_]-> dcsq2/4,
rp[l*rplx4_,x3_,x1_,x2_,x5_]-> -dcsq2/4,

rp[]#rplx4_,x2_,x3_,x1_,x5_]-> dcsq2/2,

rp[l*rp[x4_,x3_,x2_,x1_,x5_]-> -dcsq2/2}";
Do[h[j,counter+1]=Expand[h([j,counter]]//.

ToExpression[substi1],{j,1,4}]
counter=counter+1

subst12="{
or[x1_,x2_,x3_,x4_l*or[xi_,x2_,y_,z_1*
or[x3_,x4_,y_,z_]->ccul,
or[x1_,x2_,x3_,x4_]*xor[x2_,x1_,y_,z_]*
or[x3_,x4_,y_,z_]->-ccul,
or[x1_,x2_,x3_,x4_l*or[xi_,x2_,y_,z_]*
or[x4_,x3_,y_,z_]->-ccul,
or[x1_,x2_,x3_,x4_J*or[x2_,x1_,y_,z_]*
or[x4_,x3_,y_,z_]->ccul,

or[x1_,x2_,x3_,x4_Jxor[x1_,x3_,y_,z_]*
or[x2_,x4_,y_,z_]->ccul/2,
or[x1_,x2_,x3_,x4_l*or[x3_,x1_,y_,z_]*
or[x2_,x4_,y_,z_]->-ccul/2,
or[x1_,x2_,x3_,x4_l*or[x1_,x3_,y_,z_1*
or[x4_,x2_,y_,z_]->-ccul/2,
or[x1_,x2_,x3_,x4_l*or[x3_,x1_,y_,z_]*
or[x4_,x2_,y_,z_]->ccul/2,

(* Similar expressions where x3 and x4 in the
second and the third or[] are exchanged
follow. *)

(* The arguments of or[] are

x1_,x2_,x3_,x4_. *)
or[J*ulx1_,x2_J*ul[x3_,x4_]-> ccul/4,
or[J*ulx2_,x1_J*ulx3_,x4_]-> -ccul/4,
or[J*ulxi_,x2_J*ulx4_,x3_]-> -ccul/4,
or[J*ulx2_,x1_]*ul[x4_,x3_]-> ccul/4,

or[J*ulx1_,x3_J*ulx2_,x4_]-> ccu2,
or[J*ulx3_,x1_J#*ul[x2_,x4_]-> ccu2-ccul/4,
or[J*ulx1_,x3_J*ul[x4_,x2_]-> ccu2-ccul/4,
or[J*ulx3_,x1_J*ul[x4_,x2_]-> ccu2,

(* Similar expressions where x3 and x4 in uf]
are exchanged follow. *)

aaa->-cddc/4-rcsq/2-ccul/4-ccu2}";

Do[h[j,counter+1]=Expand[h[j,counter]]//.
ToExpression[subst12],{j,1,4}]
counter=counter+l

sol= Expand[h[1,counter]]
so2= Expand[h[2, counter]]
so3= Expand[h[3, counter]]
so4= Expand[h[4,counter]]

Save["s8cont_r.txt",sol,s02,s03,s04]
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